Abstract. We report on the calculation of the Quarkonium Hybrid masses for the cgc, bgc and bgb systems [1] . A QCD analog of the Born-Oppenheimer approximation including the Λ-doubling terms has been used. The gluonic static energies are obtained combining the short range description from potential non-relativistic QCD (pNRQCD) and lattice QCD calculations. The effect Λ-doubling terms is to mix the contributions of the static energies to the hybrid states leading to the break of the degeneracy between spin symmetry multiplets with opposite parity. The spin symmetry multiplets with mixed contributions from different static energies have a lower mass with respect to the parity opposite that remains without mixed contributions. We compare with direct lattice calculations and discuss several experimental candidates.
INTRODUCTION
During the past years experimental observations have revealed the existence of a large number of unexpected states close or above open flavor thresholds in the heavy quarkonium spectrum. Many of these state do no fit the standard quarkonium potential models and are called Exotics and labeled as Xs, Y s and Zs. There is an ongoing significant amount experimental effort to study Exotic quarkonium: new states, production mechanisms, decays and transitions, precision and high statistics data, at Belle2, Babar, BESIII and LHCb. The number of this states has grown to more than a dozen states, see [2, 3] for a recent review.
Exotic quakonium states are particularly interesting because are candidates to non-traditional hadronic states, for example hadrons containing four constituent quarks or an exited gluon constituent. Charged exotic quarkonium should be necessarily described by an hypothesis including four constituent quarks, consisting of a heavy quark-antiquark pair together with a pair of light quarks. Many theoretical descriptions pictures involving four constituent quarks have been proposed to describe this states: meson molecules, diquarkonium, compact tetraquarks and hadro-quarkonium. The molecular approach in particular has been quite successful in explaining the states close to heavy meson thresholds, such as the X(3872). It remains however, a significant amount of not well understood states.
A different approach is to consider quarkonium hybrids. Quarkonium hybrids consist of a heavy quark and an antiquark in a color octet configuration together with a gluonic excitation. Quarkonium hybrids are characterized by the vast dynamical difference between the slow and massive heavy quarks with the fast and massless gluons. Since the gluons move much faster than the heavy quarks it is expected that the gluonic fields adapt nearly instantaneously to the changes in the heavy quarks separation.
This physical situation is analogous to that of molecules, where the nuclei play the role of the heavy degrees of freedom and the electrons that if the light degrees of freedom. To solve the Schrödinger equation for these systems the Born-Oppenheimer approximation was developed. It provides a method to approximately solve the Schrödinger equation for the nuclei and electrons by exploiting the fact that the masses of the nuclei are much larger than the electron mass, and therefore the time scales for their dynamics are very different.
There have been attempts to export the Born-Oppenheimer approximation to describe hybrid quarkonium [5, 6] . This can be done by defining the gluonic static energies in non-relativistic QCD (NRQCD) and computing them on the lattice. In the short distance limit between the two heavy quarks the static energies can be described using pNRQCD [4, 7] . One can then use these static energies in the Schrödinger equation for the heavy quarks to obtain the heavy quark-antiquark energy eigenstates and the corresponding wave functions, thus determining the hybrid masses.
Since the gluonic static energies depend on the heavy quark distance r, the kinetical operator of the heavy quarks (H k ) acts non-trivially on the gluonic states. Being more specific, the gluonic contributions to the angular piece of H k can be as important as the contributions from the heavy quarks, therefore they should not be neglected. The action of the angular derivative on the gluonic wave functions can be split into a part which leaves them invariant and a part which which mixes them. The latter can be neglected only when the energy eigenstates static energies are well separated. Since the gluonic wave functions can not be obtained, additional approximations have to be made to estimate the contribution of the angular derivatives of H k acting on them.
GLUONIC STATIC ENERGIES
The static energies can be classified by the symmetries of the system. The symmetry transformations which leave a system of two static particles invariant form the group D ∞h , which is the symmetry group of a cylinder. The basic transformations are rotations around the cylinder axis R(α), reflections across a plane including the cylinder axis M and space inversion P. All other transformations can be expressed as a combination of these. In the case of a system with a static particle and a static antiparticle, space inversion needs to be combined with charge conjugation to form a symmetry CP. Note that all these symmetry transformations are understood to act on the light degrees of freedom only.
Representations need to fulfill the identities R(α)R(−α) = 1, R(2πn) = 1, M 2 = 1 and CP 2 = 1. So if we replace R(α) → R(Λα) with Λ ∈ Z, M → σ M and P → −ηP with σ , η ∈ {−1, +1}, we obtain another irreducible representation. The two-dimensional representations R(Λα) and R(−Λα) are related by a similarity transform which leaves M and CP invariant, so we can restrict Λ for the two-dimensional case to have positive integer values. We will label the two components by λ = ±Λ. Also M and −M are related by a similarity transform which leaves R(α) and CP invariant, so a different sign under reflections does not lead to a different representation. The one dimensional representations are the same for any value of Λ, so we assign them Λ = 0. In this case M and −M are not related and lead to different irreducible representations. General irreducible representations can then be labeled Λ σ η , where the superscript σ only appears for Λ = 0. Traditionally, the letters g and u are used for η = +1 and η = −1, and for Λ = 0, 1, 2, . . . uppercase Greek letters Σ, Π, ∆, . . . are used that correspond to the s, p, d, . . . atomic orbital labels.
The static energies can be labeled by Λ, η and σ . Usually, the symbol Λ σ η is reserved for the lowest static energy of those quantum numbers, the next higher static energy of the same quantum numbers is written Λ σ η ′ and so on. Alternatively, one can introduce another quantum number n to distinguish between different static energies that correspond to the same irreducible representation by writing them as nΛ σ η . The static energies for heavy quark-antiquark pairs, which are labeled by these quantum numbers, have been computed in quenched lattice QCD by Juge, Kuti and Morningstar [5, 8] . Additional lattice simulations were carried out by Bali and Pineda in [9] focusing on the short range static energies for the Π u and Σ − u potentials. 
The lowest hybrid static energies [8] and gluelump masses [11] in units of r 0 . The absolute values have been fixed such that the ground state Σ + g static energy (not displayed) is zero at r 0 .
In Fig. 1 the lattice data from Ref. [8] is plotted and compared with the gluelump spectrum, computed also on the lattice, of Ref. [11] . We can see that the two lowest lying hybrid static energies are the Π u and Σ − u states and they clearly tend to form a degenerate multiplet in the short range.
u multiplets are also expected to be degenerate in the short range [4] .
ORBITAL WAVE FUNCTIONS AND J PC EIGENSTATES
The eigenstates of the static Hamiltonian, which we will write as |n, λ , η, σ , can be combined with orbital wave functions to form J PC eigenstates. First we construct eigenstates of the angular momentum operator L = K + L QQ , where K stands for the total angular momentum operator for the light degrees of freedom and L QQ denotes the angular momentum operator of the heavy quark-antiquark pair. Note that the static states |n, λ , η, σ implicitly depend on the distance r between the quarks. As an element of the kinetic term for the heavy quarks, L QQ acts on this implicit dependence in |n, λ , η, σ .
The construction of the eigenstates of L can be done exactly without neglecting any of these effects. Let us define r = rn. It can be shown that the operators L 2 , L 3 andn · K, whose eigenvalue is λ , all commute with each other and with the static Hamiltonian. So we can define simultaneous eigenstates of those operators by writing
The orbital wave functions v λ l,m (θ , φ ) can be found in textbooks such as [12] . The heavy quark spin S can be added to the angular momentum L to give the total angular momentum J = L + S using the usual Clebsch-Gordan coefficients. The states obtained in this way transform in the following way under space inversion and charge conjugation:
These transformations turn λ into −λ , becausen changes sign and K remains invariant. We can combine two λ = ±Λ states (Λ ≥ 1) to give eigenstates of P and C with eigenvalues ε and ε η (−1) s+1 respectively:
RADIAL WAVE FUNCTIONS AND SCHRÖDINGER EQUATIONS
A hybrid state consist of an angular wave function, given by J PC eigenstates of the previous section and a radial wave function. The last step in the Born-Oppenheimer approximation is to obtain the radial wave functions and energy eigenvalues from a Schrödinger equation. If we act with the kinetic term on a hybrid state, it will affect both the radial wave function and the J PC eigenstate. The kinetic term can be split into radial and angular derivatives. The contribution of the radial derivative acting on the static states (which are not known explicitly) can be neglected, because it effectively acts as a correction to the static energies suppressed by the heavy quark mass. The angular term L 2 QQ acts on both the static states and the heavy quark angular wave functions. This can be worked out as follows. We will use projections onto the set of orthonormal vectors associated with spherical coordinates: (θ ,φ ,n), whereθ = ∂ θn andφ = sin −1 θ ∂ φn . With these we can write
The first two are diagonal on our basis of states and give exactly l(l + 1) and −2Λ 2 . The last three operators are not diagonal on our basis of states and can not be computed directly without the gluonic wave functions, which are unknown. The last two terms,
The kinetic term L 2 QQ is divided by r 2 , therefore it should be most important in the region where r is close to zero. In this limit there is no preferred direction for the static system, so the symmetry group D ∞h is extended to O(3) × C, whose irreducible representations are K PC multiplets. The irreducible representations of D ∞h turn into components of these multiplets and the energy eigenvalues of the corresponding static states become degenerate in this limit. An approximation of K 2 − L − K + − L + K − can be obtained on the r → 0 limit. We can take K 2 = k(k + 1) with k from the K PC multiplet which contains the respective nΛ σ η representation. For the three static states with the lowest energies, Σ + g , Π u and Σ − u , these would be 0 ++ , 1 +− and 1 +− respectively. The corrections from the last two terms in eq. (4) lead to an effect called Λ-doubling [12] . For Λ ≥ 1 there are always two opposite parity states which are mass degenerate if the mixing terms are ignored. This degeneracy is lifted by the corrections from those terms, which act differently on the different parity states. It can be shown that
So far we did not specify how the quantum number n should be assigned for static states with different Λ σ η quantum numbers. It is convenient to define n such that different static states with the same r → 0 limit, i.e. which approach the same K PC multiplet and the same energy eigenvalue, also have the same n quantum number. In the r → 0 limit K ± can only facilitate λ transitions within the same K PC multiplet. Thus we get
The mixing effects of L − K + + L + K − can be fully incorporated by working with coupled Schrödinger equations. To this end, we define the hybrid states as superpositions of different Λ states with the same n, i.e. that approach the same K PC multiplet in the r → 0 limit:
where the sum over Λ runs from 0 or 1, depending on whether a Λ = 0 state with the same ε exists for that n, to the smaller value of either k or l. The radial wave functions ψ Λ N (r) are solutions to the coupled Schrödinger equations [1]
where
Lattice calculations indicate that the lowest static energies above the ground state Σ + g belong to states in the Σ − u and Π u representations. Figure 2 shows that they become degenerate in the r → 0 limit. If there are no other static states with the same small r behavior, like in this case, then these Σ − u and Π u states need to form a K PC multiplet with quantum numbers 1 +− in the r → 0 limit. We will set n = 1 for them. The spin symmetry multiplets one can construct with these Σ − u and Π u states are shown in Tables 2 and 3 .
HYBRID STATIC ENERGIES IN PNRQCD
In this section we study how pNRQCD can be used to describe the hybrid static energies computed on the lattice. Quarkonium systems are non-relativistic bound states in which a natural hierarchy of scales arises m ≫ p Q ≫ E b , where m is the heavy quark mass, p Q is the typical relative three-momentum and E b the typical bound state energy scale. We can exploit this scale hierarchies by building an Effective Field Theory (EFT). pNRQCD is an EFT that describes quarkonium systems at E b scale. Depending of the relative position of the Λ QCD scale in relation to p Q a weakly and a strongly coupled versions of pNRQCD can be formulated. In the short distance limit 1/r ∼ p Q ≫ Λ QCD the behavior of the static energies can be studied using weakly-coupled pNRQCD. At leading order in the multipole expansion the singlet decouples from the octet and gluons. The octet is still coupled to gluons of energy ∼ Λ QCD . The singlet then corresponds to the lowest static energy, with quantum numbers Σ + g . Gluelumps are defined as gluonic field configurations in the presence of an adjoint source
where O a is the octet field and H a is the gluonic operator. In the short distance limit the spectrum of gluonic excitations corresponds to the gluelumps. All the H a operators up to dimension 3, classified according to their rotational quantum number K and the representation of D ∞h they correspond to, can be found in Table 1 . The hybrid static energy spectrum 
where the hybrid potential V H is given by the correlators of the gluelump operators for large distances in time
Up to next-to-leading order in the multipole expansion
where V o (r) is the octet potential, which can be computed in perturbation theory, and Λ H corresponds to the gluelump mass
where φ ad j (T /2, −T /2) is a Wilson line. The constant Λ H depends in general on the particular operator H a , however, it is the same for operators corresponding to different projections of the same gluonic operators. From Table 1 we can see that in the short distance limit
The gluelump mass is a non-perturbative quantity and has been determined on the lattice [9, 11, 13] .
We work in the Renormalon Subtracted (RS) scheme [9, 14] . In this scheme the convergence of the octet potential is improved. Note that when working in the RS scheme for the octet potential and gluelump mass, the quark mass in the hybrid static energy also has to be taken in the RS scheme. The next-to-leading order corrections to the hybrid static energies are proportional to r 2 due to the multipole expansion and rotational invariance. The specific proportionality constant depends on non-perturbative dynamics and is not known, in the present work we are going to fix it through a fit to the lattice data for the static energies. We are going to consider that this term takes different values for hybrid static energies corresponding to different representations of D ∞h , thus breaking the degeneracy of the short range pNRQCD description of the Π u and Σ − u static energies, in the leading order of the multipole expansion.
HYBRID MASSES FROM THE SCHRÖDINGER EQUATION
The hybrid masses can be obtained as the energy eigenvalues of Schrödinger equations with the two lowest lying hybrid static energies (Π u and Σ − u ) as potentials. In order to obtain the coefficients of the quadratic terms b H of the potentials (15) we have used the available lattice data on the hybrid static energies. From Juge, Kuti and Morningstar we have used the lattice data of Ref. [8] , and from Bali and Pineda we have used the continuum extrapolated data presented in Ref. [9] .
These two sources of lattice data have different energy offsets that must be taken into account. We have extracted the energy offsets from both sets of lattice data with respect to the theoretical hybrid potential by fitting the function
with c and b H as free parameters. We have performed a joint fit of both potentials of the form (17) to the lattice data of both groups, restricting the value of c to be the same for both potentials but different for each group and, conversely, restricting the value of b H to be the same for both groups but different for each potential. The pNRQCD description of the hybrid static energy of (15) is only valid up to r 1/Λ QCD . Taking perturbation theory up to its limit of validity, we have fitted (17) to lattice data in the range of r = 0 − 0.5 fm. We obtain the following offsets for the two lattice data sources
and the values for the coefficient of the quadratic term are
The potentials obtained from using the coefficients of the quadratic terms of (19) in eq. (15) will be called V Lattice data from Bali and Pineda [9] is represented by red squares, the data from Juge, Kuti and Morningstar [8] is represented by the green dots. In the left (right) figure we have plotted the data corresponding to the Σ − u (Π u ). The lattice data has been corrected by the offsets of (18) . The black dashed line corresponds to V (0.5) , the blue continuous line to V (0.25) .
the potentials V (0.5) and the RS heavy quark masses [1] . The results are displayed in Table 2 . The largest source of uncertainties for the hybrid masses lies in the RS gluelump mass, which is known with an uncertainty of ±0.15 GeV. In Fig. 2 we can see that the potentials V (0.5) describe the lattice data well up to r 0.55 − 0.65 fm which corresponds to 1/r 0.36 − 0.30 GeV. If we compare these values with the results obtained from the 1/r from Table 2 we can see that for the cc system just the ground state of the lowest energy hybrid multiplet can be considered to fall inside of the range of validity of the V (0.5) potentials. In the case of bc and bb, both the ground and the first exited states of the lowest energy multiplet fall inside the validity range of the potential, in particular the bb states are well inside it. Also the H 3 multiplet has large enough 1/r , but fails to fulfill the following criterion for cc and bc.
The multipole expansion requires that 1/r ≫ E k . As long as this hierarchy is preserved we can expect the Schrödinger equation picture of the system to be consistent. The results in Table 2 show that the multipole expansion holds for the lower energy multiplets, in particular for the bb states. However, the results obtained from solving the Schrödinger equation for V (0.5) potentials show that many of the hybrid states lie beyond the range of validity expected for this potential.
We have constructed a second potential that includes as much information as possible from the long range lattice data. This potential, which we will call V (0.25) , is defined as follows. For r ≤ 0.25 fm we use the potential from (15) 
For r ≥ 0.25 fm we have used a fit of the function
to the lattice data corrected by the offsets of (18) [1] . To ensure a smooth transition we have imposed continuity up to first derivatives. In Fig. 2 we have plotted the potentials V (0.25) together with the lattice data. The V (0.25) potentials do a good job reproducing the whole range of lattice data. We have solved the coupled Schrödinger equations with the potentials V (0.25) and the RS heavy quark masses [1] . The results are displayed in Table 3 . The states obtained with V (0.25) lie above the one ones obtained using V (0.5) . The masses of the states with smaller sizes have a better agreement, since both potentials agree in the short range. Checking for the validity of the multipole expansion in the results of Table 3 we find that, for charmonium, just the ground state of the H 1 multiplet fulfills the hierarchy condition 1/r ≫ E kin reasonably well. In the bc case the potential picture holds for the ground states of the H 1 , H 2 and H 3 multiplets and works reasonably well for the first excited state of the H 1 multiplet. In bottomonium the multipole expansion holds for nearly all of the multiplets studied.
In a recent paper, Braaten et al. [6] followed a similar procedure to obtain the hybrid masses from the BornOppenheimer potentials computed on the lattice. They did not consider the operators that mix the contribution of the static energies in the Schrödinger equation. We have plotted the charmonium hybrid masses from [6] together with our results obtained using the V (0.25) potential in Fig. 3 . The effect of the mixing terms is to break the degeneracy between the H 1 and H 2 multiplets as well as the H 4 and H 5 multiplets. The predicted H 1/2 mass from Braaten et al. should be compared with our H 2 mass, since this multiplet is a pure Π u potential state. Similarly, their H 4/5 mass should be compared with our H 5 mass. The H 3 multiplet is a pure Σ − u potential state in both approaches and can also be compared. We can see that there is a good agreement with our results from Table 3 , if we shift the masses by the difference in the H 2 state ∼ 30 MeV, then the other states agree within 40 MeV. The mass shift of 30 MeV should be TABLE 3. Hybrid energies obtained from solving the Schrödinger equation for the V (0.25) potentials. All values are given in units of GeV. The primes on the multiplets indicate the first excited state of that multiplet. E k is the mean value of the kinetic energy. P Π is a measure of the probability to find the hybrid in a Π u configuration, thus it gives a measure of the mixing effects. accounted for through the different determination of the energies scale for the potentials. We can take the remaining 40 MeV discrepancy between our results and those of [6] to be the uncertainty coming from the fitting of the potentials and the solution of the Schrödinger equation. Overall, comparing with the results from [6] , we can see that the effect of introducing the Λ-doubling breaking terms lowers the masses of the multiplets that have mixed contributions from two hybrid static energies.
Identification of hybrids with experimental states
The list of candidates for heavy quark hybrids consists of the neutral heavy quark mesons above open flavor threshold. It is important to keep in mind that the main source of uncertainty of our results in section is in the uncertainty of the gluelump mass ±0.15 GeV. We have plotted the candidate experimental states in Fig. 4 , except for the single one corresponding to the bottomonium sector, overlaid onto our results using the V (0.25) potential with error bands corresponding to the uncertainty of the gluelump mass. Three 1 −− states fall close to our mass for the charmonium hybrid from the H 1 multiplet, the Y (4008), Y (4230) and Y (4260). The 1 −− hybrid from the H 1 multiplet is a spin singlet state, and as such the decays to spin triplet products are suppressed by one power of the heavy quark mass due heavy quark spin symmetry. All these three candidate states decay to spin triplet charmonium, which in principle disfavors the hybrid interpretation. Nevertheless, there might be enough heavy quark spin symmetry violation The Y (4220) is a narrow structure proposed in [17] to fit the line shape of the annihilation processes e + e − → h c π + π − observed by BESIII and CLEO-c experiments. It has mass is quite close to the one of the H 1 multiplet. As the previous states, it is a 1 −− state that would be identified as a spin singlet hybrid. However, unlike the previous states, the Y (4220) has been observed decaying to spin singlet quarkonium, which makes it a very good candidate to a charmonium hybrid. However the Y (4220) falls very close to the Y (4230) [18] and it is possible that they are the same structure observed in different decay channels.
The J PC quantum numbers of the Y (4140) and Y (4160) have not yet been determined, however their Charge conjugation and mass suggest they can be candidates for the spin triplet 1 −+ member of the H 1 multiplet, nevertheless their mass is also compatible within uncertainties with the spin singlet 1 ++ member of the H 2 multiplet. In the case of the Y (4160), it decays into D * D * which favors a molecular interpretation of this state. If the X(4350) turns out to be a 2 ++ state it can be a candidate for the spin singlet charmonium state of the H 4 multiplet, although its decay violates heavy quark spin symmetry. The three higher mass 1 −− charmonia, the X(4360), X(4630) and Y (4660) 1 have a mass that is compatible with the excited spin singlet member of the H 1 multiplet within uncertainties, although none of them falls very close to the central value. The X(4360) and Y (4660) decay into a spin triplet product which violates heavy quark spin symmetry.
There is so far only one bottomonium candidate for a hybrid state, the Y b (10890), which can be identified with the spin singlet 1 −− state of the H 1 bottomonium hybrid multiplet. However, its decay to the ϒ violates heavy quark spin symmetry, which is expected to be a good symmetry for bottomonium states. we see that the masses obtained our masses are 0.1 − 0.14 GeV lower except for the H 3 multiplet, which is 0.11 GeV heavier. The mass splittings between the different multiplets are given in Table 4 . We find a good agreement with the lattice data with our calculation using the V (0.25) potentials. In particular, the mass difference between H 1 and H 2 , which in our calculation is directly related to the Λ-doubling effect, is in very close to our mass difference. The worst agreement is again found for the H 3 multiplet. It is interesting to note that the H 3 multiplet is the only one dominated by Σ − u potential. The mass splittings between the different multiplets are given in Table 4 . We find a good agreement with the lattice data with our calculation using the V (0.25) potentials. In particular, the mass difference between H 1 and H 2 , which in our calculation is directly related to the Λ-doubling effect, is in very close to our mass difference. The worst agreement is again found for the H 3 multiplet.
CONCLUSIONS
We have reported [1] on the computation of the heavy hybrid masses using a QCD analog of the Born-Oppenheimer approximation including the Λ-doubling terms by using coupled Schrödinger equations. The static energies have been obtained combining pNRQCD for short distances and lattice data for long distances. A large set of masses for spin symmetry multiplets for cc, bc and bb hybrids has been obtained. The Λ-doubling effect breaks the degeneracy between opposite parity spin symmetry multiplets and has been found to lower the mass of the multiplets that get mixed contribution different static energies. The same pattern of Λ-doubling is observed in direct lattice calculations. Mass gaps between multiplets are in good agreement with the spin averaged direct lattice computation values, but the absolute values are shifted. Several experimental candidates for charmonium hybrids and one for bottomonium hybrids have been found, being Y (4220) the most promising.
